Abstract. Let p be an odd prime and let σ be an order p automorphism of V √ 2Ap−1 which is a lift of a p-cycle in the Weyl group Weyl(A p−1 ) ∼ = S p . We study a certain extension V of a tensor product of finitely many copies of the orbifold model V
Introduction
For any positive definite even lattice L, one can associate a rational, C 2 -cofinite vertex operator algebra (VOA) V L of CFT type. The representation theory of V L , including a theory of twisted modules, has been well developed (see [BK] , [D] , [DL1] , [DL2] , [FLM] , [L] , or [LL] and references therein). An isometry σ of L can be lifted to an automorphism σ of V L of the same order or its twice. A construction of irreducible σ-twisted V L -modules is obtained in [L] (see [BK] , [DL2] also).
In this paper, we calculate the quantum dimensions of irreducible σ-twisted V L -modules when σ is fixed-point-free on L, that is, σ has no nontrivial fixed point in L. Furthermore, we apply the result to the case L is a certain lattice M and the order of σ is an odd prime. We give a necessary and sufficient condition on the lattice M for which every irreducible module of the orbifold model V σ M is a simple current. There is a more general result by S. Möller [Mö] , where the modular transformations of characters are studied. Our settings and arguments in this paper are slightly different from [Mö] .
We explain the construction of M in detail. Let N = √ 2A p−1 be √ 2 times a root lattice of type A p−1 . Then N • /N ∼ = Z and l = Z p be the corresponding subcodes in N • /N, so that
be a direct sum of d copies of N (resp. N • ). Then we can extend the code structure on
naturally. There is a one to one correspondence between Z-submodules E of k d × l d and sublattices L E of (N • ) d containing N d . Some properties of the lattice L E will be discussed in Section 4. It turns out that the lattice L E is even, integral and unimodular if and only if the corresponding Z-submodules E is even, self-orthogonal and self-dual, respectively.
Let σ be an isometry of N of order p which corresponds to a Coxeter element of the Weyl group Weyl(A p−1 ) ∼ = S p . Then σ is fixed-point-free on N. Moreover, σ induces an isometry of N • and acts naturally on N • /N = k × l. In fact, σ is fixed-point-free on k; on the other hand, all elements in l are fixed by σ. The isometry σ can be extended to a fixed-point-free isometry of N d of order p by diagonal action on each direct summand. Then σ induces an automorphism of k d × l d , which is fixed-point-free on k d and trivial on l d . If E ⊂ k d × l d is σ-invariant, then σ acts on L E as a fixed-point-free isometry. We consider the case E = C ×D for a σ-invariant even Z-submodule C ⊂ k d and an even Z-submodule D ⊂ l d . Set M = L C×D . Then M becomes an even lattice and σ defines an automorphism of order p of the VOA V M . For any i = 1, . . . , p − 1, we can construct irreducible σ i -twisted V M -modules following [L] . As one of the main theorems, we show that the quantum dimension of irreducible σ i -twisted V M -module is equal to |C ⊥ /C|. This implies that V σ M has a group-like fusion if and only if C is self-dual. One of the motivation of this paper lies in a study of the Moonshine VOA V ♮ whose full automorphism group is the Monster simple group. The VOA V ♮ was constructed as a Z 2 -orbifold construction from the Leech lattice VOA V Λ with respect to a lift of the −1-isometry of Λ [FLM] . Since then, some different constructions have been given. For instance, V ♮ was constructed as a framed VOA [M1] . There is also a Z 3 -orbifold construction of V ♮ from V Λ [CLS] . Using these constructions, several 2-local and 3-local subgroups of the Monster simple group have been described relatively explicitly in [CLS, Sh] .
The case p = 3 of this paper was studied in [CL] and the representation theory of V σ M with p = 3 and d = 12 plays an important role in [CLS] . Recently, a Z p -orbifold construction of V ♮ from V Λ for p = 3, 5, 7, 13 was obtained [ALY] . We hope the results of this paper could be helpful for the study of some p-local subgroups of the Monster simple group. This paper is organized as follows. In Section 2, we review some notions from the representation theory and the orbifold theory of VOAs. In Section 2.1, we recall the basics of twisted modules for VOAs. We recall the definition and some properties of quantum dimensions in Section 2.2. In Sections 3.1-3.3, we review the constructions of lattice VOAs and their twisted modules. We also calculate the quantum dimensions of twisted modules of lattice VOAs in Section 3.4. In Section 4, we study a lattice N = √ 2A p−1 for an odd integer p ≥ 3 and discuss the codes associated with N. In Section 4.1, we develop a code theory for
• /N. In Section 4.2, we study the action of the isometry σ on the lattice L C×D . Section 5 is for the orbifold model V σ L C×D . In Section 5.1, we consider the lattice VOA associated with the lattice L C×D for a σ-invariant even Z-
has a group-like fusion. We determine the group structure of Irr (V
has a group-like fusion in Section 5.2.
In Appendix, we give an extension of a σ-invariant alternating Z-bilinear map on L C×D , which is used for the construction of σ-twisted V L C×D -modules, to the case L C×D is a rational lattice. fellow 15K04823. C. L. is partially supported by MoST grant 104-2115-M-001-004-MY3 of Taiwan.
Preliminaries
In this section, we recall the representation theory and the orbifold theory of VOAs (see [CM] , [DJX] , [DRX] , [FHL] , [LL] and [MN] for example). Throughout this paper, ξ s denotes a primitive s-th root of unity. The set of all nonnegative (resp. positive) integers is denoted by Z ≥0 (resp. Z >0 ).
2.1. Twisted modules for vertex operator algebras. Let (V, Y, 1, ω) be a VOA. An automorphism of V is a linear map g ∈ GL(V ) such that g(Y (a, z)b) = Y (ga, z)gb for a, b ∈ V , g(ω) = ω and g(1) = 1. The group of all automorphisms of V is denoted by Aut(V ). For a finite subgroup G of Aut(V ), the fixed point subspace
A weak g-twisted V -module is a vector space M equipped with a linear map (r;g) and u ∈ M. The map Y M satisfies some additional conditions. A weak g-twisted V -module is said to be
We call the number ρ(M) the lowest conformal weight of M.
Let M be a weak g-twisted V -module and h an automorphism of V . Then we have a weak hgh
λ has a structure of a g −1 -twisted module. This module is called a contragredient module of M. If the contragredient module of V is isomorphic to V itself, V is called self-dual.
A VOA V is called g-rational (rational in the case g = 1 and T = 1) if any
In the case g = 1 and T = 1, we call a weak, N-gradable or ordinary g-twisted V -module a weak, N-gradable or ordinary V -module, respectively. (see [FHL] ). If V is rational and C 2 -cofinite, then the fusion rule of type 
for irreducible V -modules M and N. It is known that K(V ) is associative and has a unit [V ] if V is simple, rational, C 2 -cofinite and of CFT type.
A fusion product of M and
. Fusion products of irreducible modules exist and are unique up to equivalence if V is simple, rational, C 2 -cofinite and of CFT type. An irreducible V -module M is called a simple current if the multiplication by [M] on K(V ) induces a permutation of Irr (V ). A simple, rational, C 2 -cofinite, self-dual VOA V of CFT type is said to have a group-like fusion if every irreducible module is a simple current. If V has a group-like fusion, then the fusion product defines an abelian group structure on Irr (V ).
For a g-twisted V -module, the character Z M (τ ) is defined by
for τ ∈ H, where H is the upper half plane and c V is the central charge of V . If the limit
converges, then the limit is called the quantum dimension of M over V and denoted by qdim V M [DJX] .
Theorem 2.1. Let V be a simple, rational, C 2 -cofinite, self-dual VOA of CFT type. Let g be an automorphism of V of finite order T , and assume that every irreducible g i -twisted V -module has a positive lowest conformal weight for i = 0, . . . , T − 1 except V . Then the following assertions hold.
(1) ( [CM, M2] ) V g is rational and C 2 -cofinite. (2) ( [DJX] ) For any irreducible g i -twisted V -module M, qdim V M exists and it is a algebraic real number greater than or equal to 1.
Moreover, if the number of irreducible components in M is s, then every irreducible component of M has a quantum dimension
Lattice VOAs and quantum dimensions
In this section, we review the constructions of lattice VOAs and their twisted modules. We also calculate their quantum dimensions.
3.1. Lattice VOAs and their irreducible modules. We first recall the construction of the lattice VOA V L associated with a positive definite even lattice (L, · , · ) (see [D] , [FLM] ). To construct V L , we consider the free bosonic VOA M(1) associated with a finite dimensional vector space h = C ⊗ Z L with a C-bilinear form extending the inner product of L. The VOA M (1) is given by the symmetric algebra S(h ⊗ t −1 C[t −1 ]) as its base space and the vacuum vector 1 is the unit 1. Its Virasoro vector ω is
Then we have an associative algebra
is a VOA with the vacuum vector 1, and the Virasoro vector ω of V L coincides with that
Theorem 3.1. Let L be a positive definite even lattice. Then the following assertions hold.
(
3.2. σ-twisted M(1)-modules. We next review a construction of σ-twisted modules of M(1) (see [BK] , [DL2] , [L] for the details). Let h be a finite dimensional vector space with nondegenerate symmetric bilinear form · , · . We consider a linear automorphism σ of h of order p ≥ 2 preserving · , · . For simplicity, we assume that σ is fixed-point-free on h. Following [BK, (4.17) ], [DLM, Remark 3 .1], we set
Note that h (0;σ) = 0, for σ is fixed-point-free on h. Define the σ-twisted affine Lie algebra
with the commutation relations
We regard C as a
⊕ CK-module on which K acts as 1 and
By the construction, we have
for a basis {h
is the lowest conformal weight of M(1)(σ) and
• denotes the normal ordered product. We note that
is a symmetric algebra generated by h
as a vector space. Since the operator h (p−i) s (−i/p − n) increases the conformal weights of homogeneous vectors by i/p + n, we see that the character of M(1)(σ) is given by
⊂ L and x, y = gx, gy for all x, y ∈ L}.
Let σ ∈ O(L) be of order p ≥ 2. For simplicity, we assume that σ is fixed-point-free on L. Let s = p if p is even and s = 2p if p is odd. Moreover, we assume that
We consider two central extensions
of L by a cyclic group κ s of order s determined by the σ-invariant alternating Z-bilinear maps c and c σ , respectively. We also denote by
The isometry σ of L can be lifted to an automorphism σ of the group L of order p. Moreover, σ acts on the group L σ as an automorphism (cf. [DL2, Remark 2.2]). We have σ(a) = σ(a) for a ∈ L or L σ . The automorphism σ of L induces an automorphism of the VOA V L associated with the lattice L. We use the same symbol σ to denote the automorphism of V L .
Let T be an L σ -module satisfying the following conditions:
for some irreducible L σ -module T satisfying (3.4) and (3.5). Irreducible L σ -modules satisfying (3.4) and (3.5) were constructed in [L, Section 6] . Consider a subgroup
where C ψ is a one dimensional A-module affording the character ψ. Then T χ is an irreducible L σ -module satisfying (3.4) and (3.5). Note that a different choice of ψ extending χ gives an irreducible L σ -module equivalent to T χ and there is a one to one correspondence between inequivalent irreducible L σ -modules satisfying (3.4) and (3.5) and characters χ on R σ L satisfying χ(κ s ) = ξ s and χ( K) = {1}. In particular, there are exactly |R
(3.6) The following lemma will be used in Section 5.1.
Proof. The isometry σ can be extended linearly to a fixed-point-free isometry of L • of order p. We have
as operators on
On the other hand, it follows from (3.7) that Proof. By taking a basis of h consisting of elements in L, we see that the characteristic polynomial det(x − σ) of σ on h has integer coefficients. Thus all primitive k-th roots of unity occur with the same multiplicity, say n k . Namely, we have
where Φ k (x) is the k-th cyclotomic polynomial normalized to be monic. If ξ i p is a k-th root of unity, then r i = n k .
We continue to use the numbers n k in (3.8) for any divisor k of p. We note that
By Poisson's summation formula, we have
where µ(k) ∈ Z is the Möbius function. In particular, for any divisor d of p, there exists a unique integer m d such that
by (3.8). Comparing the degrees of the polynomials on both sides, we have
where ℓ = rank L. Since
for i = 0, 1, . . . , p − 1. In particular, if σ is fixed-point-free, then r 0 = 0 and
In this case, we have
Remark 3.4. If p is a prime and σ is fixed-point-free on L, then
.
. Now we consider some functions
on the upper half plane H for c ∈ Q >0 . For example,
where η(τ ) is the Dedekind eta function.
Suppose σ is fixed-point-free on L. Then by (3.11) and (3.12), we have
Consequently, if σ is fixed-point-free on L, then (3.2) implies that
We recall the character of V L :
where Θ L (τ ) is the lattice theta function
We also consider the ratio
Proof. It is well known that the theta function satisfies the following S-transformation formula (cf. [Eb] ):
Since η(−τ −1 ) = − √ −1τ η(τ ), by setting τ = √ −1d/y, we have
(1 − e −2πnd/y ).
Therefore, we have
Since d|p dm d = ℓ and d|p m d = 0 by (3.10) and (3.12), we have
Theorem 3.6. Let L be a positive definite even lattice of rank ℓ and p ≥ 2 an integer. Let σ be an isometry of L of order p and assume that σ is fixed-point-free on L.
where v is the volume of L in R ℓ and m d are integers given by (3.9).
Proof. The term e −2πy(ρ(M (1)(σ))−ℓ/24+ d|p m d /24d) in (3.13) tends to 1 as
by (3.13) and Lemma 3.5.
As a collorary, we have Corollary 3.7. Let L, p, σ and T be as in Theorem 3.6. Assume that p is a prime and that T is irreducible. Then
Since m p = ℓ/(p − 1) by Remark 3.4, the assertion follows from Theorem 3.6. 
where T runs through all inequivalent irreducible L σ -modules satisfying (3.4) and (3.5) on the left hand side. The number on the right hand side is the global dimension of V L (see [DRX] ).
Extensions of a direct sum of the lattice
In this section, we describe some lattices between a direct sum of the lattice √ 2A p−1 and its dual lattice by using certain codes, where p ≥ 3 is an odd integer.
Codes associated with the lattice
√ 2A p−1 . First, we review some properties of the lattice √ 2A p−1 for an odd integer p ≥ 3, which will be used to develop a theory of code associated with the lattice.
Let N = p−1 i=1 Zβ i be a positive definite even lattice with a base {β i } satisfying
The lattice N is usually written as √ 2A p−1 and realized in the Euclidean space R p by setting β i = ε i − ε i+1 for i = 1, . . . , p − 1, where
and √ 2 is in the i-th entry. We set ε 0 = ε p , β 0 = ε p − ε 1 and sometimes regard the indices of β and ε as elements in Z p . It is clear that
Hence γ ∈ N • , and N + 
where A is the Cartan matrix of type A p−1 :
Thus N + 
We also set
Observe that for u, v ∈ Z p−1 and a, b ∈ Z,
by (4.1), (4.4) and (4.5). In particular,
We see from (4.6) that
Since uAv t is an even integer if u or v lie in (2Z) p−1 , we have an inner product on
That is, u · A v = uAv t , where
Since det A = p ≡ 1 (mod 2Z), this inner product is nondegenerate.
We also consider an inner product on Z p defined by
Note that α, α ∈ Z for α ∈ 1 2 N. Hence β u,0 , β u,0 ∈ Z for u ∈ Z p−1 . Note also that for α, β ∈ N
• with α − β ∈ N, we have α, α ≡ β, β (mod 2Z). We introduce a weight function w on Z
In view of (4.13), we define a quadratic form q :
for u ∈ Z p−1 . Then
by (4.7) and
with an inner product · A and a weight function w( · , 0) and a Z p -code Z p with an inner product · −2 and a weight function w(0, · ). We denote the codes Z p−1 2 and Z p by k, l, respectively. Let d ∈ Z >0 . We consider nondegenerate inner products on
and a quadratic form q : (4.19) for u ∈ k d and a ∈ l d . It follows from (4.16) that
We define selforthogonality and self-duality in a usual manner. Since 2 and p are mutually prime, we have the following lemma.
In fact, C = pE and D = 2E. The following proposition is clear from Lemma 4.1 and the definition (4.17) of the inner products.
We then have a sublattice
by (4.8). Take w, c ∈ Z satisfying w + 2Z = u · v and c + pZ = a · b. Then we have
Thus β(u, a), β(v, b) ∈ Z if and only if w ∈ 2Z and c ∈ pZ, which is equivalent to
This completes the proof.
The following corollary is clear from Proposition 4.3.
(2) L E is unimodular if and only if E is self-dual.
by (4.13). We also have
by (4.9). Since β u i ,0 , β u i ,0 ∈ Z and p ≥ 3 is an odd integer, (4.23) implies that β(u, a), β(u, a) ∈ 2Z if and only if
Thus β(u, a), β(u, a) ∈ 2Z if and only if β(u, 0), β(u, 0) ∈ 2Z and β(0, a), β(0, a) ∈ 2Z. Note that β(u, 0), β(u, 0) ∈ 2Z if and only if q(u) = 0 and that β(0, a), β(0, a) ∈ 2Z if and only if a · a = 0.
is said to be even if w(u, a) ∈ 2Z for any (u, a) ∈ E (resp. w(u, 0) ∈ 2Z for any u ∈ C, w(0, a) ∈ 2Z for any a ∈ D).
Note that E (resp. C, D) is even if and only if the corresponding lattice
By the above arguments, we have the following proposition. 
Proof. By Propositions 4.2, 4.3 and our assumption, the lattice L C×D is integral. Then we see that
4.2. The isometry σ of N. Let p ≥ 3 be an odd integer. For i = 1, . . . , p − 1, let r i be the isometry of R p induced by the transposition of i-th and (i + 1)-th entries of every vector in R p . Recall that β i = ε i − ε i+1 with ε i given in (4.2). Thus r i is a reflection r i (x) = x − 2 x,β i β i ,β i β i with respect to β i and r 1 , . . . , r p−1 generate a symmetric group S p of degree p. Since each r i preserves N, we have a group homomorphism S p → O(N) via the restriction. In fact, the group homomorphism induced by the restriction is injective, for
Hence S p is a subgroup of O(N).
The −1-isometry θ on R p also gives an isometry of N and By (4. 3) and (4.4), we have
Hence S p acts on l trivially. On the other hand, θ acts on l as a multiplication by −1 and acts on k trivially.
We consider an isometry
of R p of order p. The restriction of σ to N gives a fixed-point-free isometry of N. In fact, σ corresponds to a Coxeter element of the Weyl group of type A p−1 . We have σ(β i ) = β i+1 for i = 0, 1, . . . , p − 1 and σ(γ) = γ + β 0 . We extend σ to isometries of
by diagonal action on each direct summand. Then σ induces an automorphism, which is denoted by the same symbol σ, of (N
preserving inner products and weights. We also note that the action of σ on k d is fixed-point-free and the action on l
Hence the following lemma holds.
• .
A construction of VOAs having group-like fusions
In this section, we calculate the quantum dimensions of all irreducible σ s -twisted modules of V L C×D , 1 ≤ s ≤ p−1, where p is an odd prime, C is a σ-invariant even Z-submodule 
Therefore, we have 
by Lemma 3.2.
, and in fact it is an isomorphism of a vector space over
Hence we obtain (1). Since σ s is a fixed-point-free isometry of (
Restricting the isomorphism to L C×D ⊥ and L C×D , respectively, we have
as Z-modules. Thus (2) and (3) hold.
Since p is an odd prime, 1 + σ + · · · + σ s−1 maps the standard simple roots of A p−1 to a set of simple roots, and so it maps
However, this is not the case if p is not a prime or D = {0}.
Combining Lemma 5.1 with Corollary 3.7, we obtain the following theorem.
Theorem 5.3. Let p be an odd prime, d ∈ Z >0 and σ = r 1 · · · r p−1 ∈ S p as in Section 4.2. Let C and D be even Z-submodules of
be an irreducible σ s -twisted V L C×D -module associated with an irreducible module T satisfying (3.4) and (3.5) for a central extension
exists and
Proof. Since σ s is a fixed-point-free isometry of the rank
by Lemma 5.1. Therefore, the assertion holds by Corollary 3.7.
Note that the dimension of the top level of V
Next, we study the quantum dimensions of the irreducible modules of the orbifold model V σ L C×D for a lift σ of the isometry σ.
Theorem 5.4. Let p be an odd prime, d ∈ Z >0 and σ = r 1 · · · r p−1 ∈ S p as in Section 4.2. Let C and D be even Z-submodules of k d and l d , respectively. Assume that C is σ-invariant. Let σ ∈ Aut(V L C×D ) be a lift of σ of order p. Then the following conditions are equivalent.
Proof. For simplicity, we set
Then as shown in the proof of Lemma 5.1 (1), we have (
Then we see from Theorem 2.1 (4), (5) and Theorem 3.1 (2) that V L C×D +β(u,0) is an irreducible W -module with quantum dimension p, and in particular it is not a simple current. Thus (1) implies (2).
Suppose C = C ⊥ . Then (L C×D ) • = L C×D ⊥ . Since σ acts on l d trivially, every irreducible V L C×D -module is σ-stable and so it decomposes as a direct sum of p irreduclbe W -modules. Then the quantum dimension of each irreducible component is 1 by Theorem 2.1 (6).
By Theorem 5.3, we see that every irreducible σ s -twisted V L C×D -module is of quantum dimension 1. Each irreducible σ s -twisted V L C×D -module also decomposes as a direct sum of p irreducible W -modules. Hence the quantum dimension of each irreducible component is 1 by Theorem 2.1 (6). Since any irreducible W -module is an irreducible component of an irreducible V L C×D -module or an irreducible σ s -twisted V L C×D -module for some 1 ≤ s ≤ p − 1, we have shown that every irreducible W -module is a simple current. Thus (2) implies (1). The proof is complete.
Group structure of Irr (V σ L C×D
). In this section, using the results in [EMS] , we determine the group structure of Irr (V σ L C×D ) with respect to the fusion product. Since C is even, (4.22) and (4.23) imply that the lowest conformal weight of any irreducible V L C×D -module is in (1/p)Z. Moreover, the lowest conformal weight of an irreducible σ s -twisted V L C×D -module is given by (3.1). Since p is a prime and σ is fixed-pointfree on h, we have r i = dim h for α, β ∈ L. Then c(α, β) = ε(α, β) − ε(β, α), c σ (α, β) = ε σ (α, β) − ε σ (β, α).
In particular, c and c σ are alternating. Moreover, ε and ε σ are 2-cocycles, for they are Z-bilinear. If L is even, then σ i (α), β ∈ Z for α, β ∈ L and so the σ-invariant alternating Zbilinear maps c and c σ agree with the ones given in [DL2, Remark 2.2] (see [L, (4. 1)] also). Therefore, if we take L = (N • ) d and define a σ s -invariant alternationg Z-bilinear map on (N • ) d as above, then its restriction to L C×D coincides with c σ s defined by (5.2). Similar 2-cocycles and σ-invariant alternating Z-bilinear maps were considered in [CL] and [TY] for the case L is the dual lattice of √ 2A 2 and p = 3.
